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NONPARAMETRIC RANKING PROCEDURES FOR COMPARISON 

W I T H  A CONTROL 

BY 

M. Haseeb Rizvi, Milton Sobel and George G .  Woodworth 

1. In t roduc t ion  and Summary. 

A dec i s ion  maker i s  confronted wi th  k populations,  xl,. . . ,xky 

(say,  k l o t s  of items ava i l ab le  f o r  purchase) and a c o n t r o l  populat ion 

x and must, on t h e  basis of racdom samples of common s i z e  n from 

do, - .  .,ak, s e l e c t  t hose  which a re  a t  l e a s t  as good as ao. We suppose 

t h a t  i t e m s  are judged on t h e  b a s i s  of a cont inuously d i s t r i b u t e d  a t t r i b u t e  

X and t h a t  a known f r a c t i o n  (2 ( 0  < a < 1) of t h e  items i n  t h e  c o n t r o l  

0 

pop-ulation are d e f i c i e n t  ( their  X-values a re  t o o  s m a l l ) .  A population 

i s  considered t o  be be t t e r  than  t h e  c o n t r o l  i f  it has a sma l l e r  proport ion 

of d e f i c i e n t  i t e m ;  t h a t  is ,  l e t t i n g  F , j = 0,. . ., k, denote t h e  d i s t r i b u t i o n  
J 

t h  f u n c t i o n  (df) of X f o r  population x and x (F..) i t s  a quan t i l e ,  
j a J  

a is  b e t t e r  t han  a. if x ( F . )  2 xa(Fo). We a l s o  cons ide r  t h e  

p o s s i b i l i t y  t h a t  Fo 
i a J  

is known i n  which case  x is  c a l l e d  a s t anda rd  
0 

and i s  not  sampled. I n  s e c t i o n  2 we propose a nonparametric procedure 

R based on o r d e r  s t a t i s t i c s  which guarantees  a minimal preassigned 

p r o b a b i l i t y  P* t h a t ,  when each F .  i s  s t o c h a s t i c a l l y  ordered with 

r e s p e c t  t o  

such a s e l e c t i o n  w i l l  be c a l l e d  a c o r r e c t  s e l e c t i o n  (CS).  

J 
Fo, a l l  populations b e t t e r  t h a n  t h e  c o n t r o l  w i l l  b e  se l ec t ed ;  

The co r re s -  

ponding problem of s e l e c t i n g  a subset  con ta in ing  t h e  best populat ion 

(without  any c o n t r o l )  was t r e a t e d  i n  [lll. 
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Since t h e  t r i v i a l  procedure Ro of inc lud ing  a l l  k populat ions 

i n  t h e  s e l e c t e d  subset  a l s o  guarantees  t h e  p r o b a b i l i t y  requirement it 

i s  necessary t o  i n v e s t i g a t e  the  expected number of m i s c l a s s i f i c a t i o n s  ; 

t h i s  i s  done exac t ly  i n  s e c t i o n  3 and asymptot ical ly  i n  s e c t i o n  5 .  

Exact resu l t s  f o r  known s t anda rd  Fo are given i n  s e c t i o n  4 .  Some 

o t h e r  a spec t s  of t h e  problem a r e  b r i e f l y  discussed i n  s e c t i o n  8. 

A s  a secondary problem we suppose t h a t  f o r  some preassigned 

f r a c t i o n  6* t h e  dec i s ion  maker considers  a populat ion rl t o  be  

6*-infer ior  t o  IT if  more than  100(a+6*)percent of t h e  i t e m s  i n  

7[ are as bad as a t  l e a s t  one of t h e  worst 100(a-6*)percent of 

i 

0 

i 

tshe i tems i n  rl - i . e . ,  
0' 

7[ 
i 

i s  6*-inf e r i o r  i f  

I n  s e c t i o n  5 we give asymptotic expressions f o r  t h e  smallest sample 

s i . z e  needed t o  guarantee t h a t  t h e  expected p ropor t ion  of 6* - in fe r io r  

populations s e l e c t e d  by R w i l l  be l e s s  t h a n  a preassigned number @*. 
An equal ly  reasonable d e f i n i t i o n  of r( t o  be €+-inferior i s  t h a t  

more t h a n  100(Q+26*)percent of t h e  i t e m s  i n  st a r e  d e f i c i e n t .  Our 

resu1t.s with cx replaced by a' = a+6* also apply t o  t h i s  problem. 

i 

i 

We show i n  s e c t i o n  6 t h a t  f o r  s m a l l  values  of 8* a competing 

nonparametric procedure S based on rank sums and a competing 

asymptot ical ly  nonparametric procedure M based on sample means both 

r equ i r e  sample s i z e s  p ropor t iona l  t o  t h e  square of t h a t  r e q u i r e d  by R 

t o  achieve t h e  same degree of r e j e c t i o n  of &*-infer iors .  For moderate 

6*-values it is  shown t h a t  S r e q u i r e s  a sample s i z e  which has t h e  

same order  of  magnitude as t h a t  r equ i r ed  by R. 

a re la ted minimax procedure. 

I n  s e c t i o n  7 w e  s tudy  

a = 1/2 of (1) t h e  We append t a b l e s  f o r  

2 



i n t e g e r  cons tan t  c neededto  make procedure R e x p l i c i t ,  ( 2 )  some 

requi red  values  t o  make t h e  minimax procedure e x p l i c i t  and ( 3 )  e f f i c i e n c y  

comparisons of S with respec t  t o  R. 

A Basic Inequa l i ty :  

L e t  5 = {X j p  1 < - j < - n, 0 < - -  i < k} denote t h e  combined sample, 

t hus  f o r  each i X l i J . .  .,X are  independent random va r i ab le s  

having t h e  df Fi (x ) .  We regard w = (FOJFIJ . .  . ,F ) as t h e  unknown 

"parameter" and, f o r  an  a r b i t r a r y  func t ion  J I J  use t h e  symbol 

n i  

k 

E ,  + ( X )  t o  denote t h e  expected value of @(z) computed under t h e  

assumption t h a t  C!J i s  t h e  t r u e  parameter value.  The fol lowing lemma 

w -  

i s  used ex tens ive ly  i n  t h i s  paperj we s t a t e  it without proof s ince  it 

fol lows easi ly  from Lemma 2 . 1  of [ 1 1 .  

Lemma 1.1. Let @(z) b e  non-increasing i n  each x j=l ,  . . . ,n ,  jo' 

and l e t  and non-decreasing i n  each x j i '  1 - < j < - n, 1 - -  < i < k, 

w = (FO,Fl,. - ,Fk)  

and Fi (x)  2 F;(x) f o r  i = l , . . . , k  and a l l  x, then  

and w' = (Fb,Fi, - .  - , F ' )  k s a t i s f y  FO(x)  <_ Fb(x)  

2. The Problem and t h e  Proposed Procedure R (Unknown Fo) . 
Based on a common number n of observat ions from each of k + l  

populat ions (f io , f i ly  a * .  ' f i k ) ,  a l l  n ( k + l )  being independent, w e  want 

a procedure R t h a t  s e l e c t s  a subset  of t h e  k populat ions which 

(wi th  h igh  p r o b a b i l i t y )  w i l l  contain a l l  populations b e t t e r  t h a n  
II 0' 

i . e . ,  a l l  r[ with x ( F . )  > x (F ) .  To make t h i s  more prec ise ,  i a 1. - a 0  

3 



we say Fi i s  as good as Fo uniformly i f f  Fi(x) 5 Fo(x) f o r  a l l  

x and t h a t  Fi i s  worse than  F~ uniformly iff x ~ ( F ~ )  < x ~ ( F ~ )  

and F i (x )  >_ FO(x)  f o r  a l l  x .  L e t  .Q denote t h e  space of a l l  p o s s i b l e  

( k + l ) - t u p l e s  (I) = (FOJF lJ . . . ,Fk)  and l e t  R 1 denote t h e  subspace of 

R c o n s i s t i n g  of t hose  cu such t h a t  f o r  each i(i = 1,2, . . . ,k) e i t h e r  

Fi i s  worse than  F uniformly. 0 i s  as good as Fo uniformly o r  Fi 

For any preassigned PX with 2-k < PX < 1 we want t h e  procedure 

R t o  be such t h a t  

For any f i x e d  Q with 0 < a < 1 w e  assume t h a t  

and def ine t h e  i n t e g e r  r by t h e  i n e q u a l i t i e s  

It follows t h a t  1 < r < n. - -  

We now d e f i n e  t h e  procedure R = R(c)  i n  terms of an i n t e g e r  c 

i s  t h e  jth o r d e r  s t a t i s t i c  'j i 
and t h e  order  s t a t i s t i c  Yj i ,  where 

i n  a sample of s i z e  n from fiij s i n c e  t h e  Fi a r e  unknown w e  t a k e  

'0 i t o  mean -30 f o r  each i .  

Procedure R: 

The procedure R(c) pu t s  TI i n  t h e  s e l e c t e d  subse t  f o r  each i 

i(i = 1,2,".-,k) i f f  

(2.4) 'ri 2 ' r - c , ~  

4 
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The procedure R w i l l  b e  def ined as t h a t  R ( c )  f o r  which c i s  %he 

sma l l e s t  i n t e g e r  (0 < - -  c < r)  such t h a t  R(c) sa t isf ies  (2 .1 ) .  

I n  o r d e r  t h a t  t h e  nonrandomized procedure be nondegenerate w e  l i m i t  

t h e  c-values t o  0 < - -  c < r-1. We s h a l l  show t h a t  f o r  any Q! and k a 

value of c < - r-1 may not e x i s t  f o r  a l l  p a i r s  (n,P*) b u t  if P i s  

chosen not g r e a t e r  t han  some func t ion  Po = Fo(n,CX,k), t hen  a value of 

c < - r-1 does e x i s t  t h a t  s a t i s f i e s  ( 2 . 1 ) .  Pc w i l l  be eva lua ted  by 

s e t t i n g  c = r-1 i n  t h e  P(CS) and we show t h a t  approaches u n i t y  

as n i n c r e a s e s .  The values of P” between and 1 can be  

handled by t h e  degenerate procedure 

b i n a t i o n  of t h e  procedures f o r  c = r-1 and c = r. The expressions f o r  

- 

- 

- 

- 

R ( c  = r )  o r  by a randomized com- 
0 

t h e  P(CS) e t c .  der ived below a l l  ho ld  f o r  0 5 c 5 r un le s s  e x p l i c i t l y  

s t a t e d  otherwise.  

L e t t i n g  P(CSIR) denoted by PO(R) we now introduce o t h e r  

func t ions ,  some of which were suggested by Lehmann [ T I .  Some of t h e s e  

f u n c t i o n s  can be used as a l t e r n a t i v e  c r i t e r i a  f o r  developing new proce- 

0’ 

xQ(Fi) 2 xa(FO); we denote t h e  s e t  of s u b s c r i p t s  of 

dures .  L e t  kl denote t h e  number of 7( ‘ s  a t  l e a s t  as good as rl 

i . e . ,  such t h a t  

t h e s e  rli by  I1 and r e f e r  t o  t h e  corresponding set  of populat ions as 

t h e  s u p e r i o r  s e t .  Then k2 = k-k i s  t h e  s i z e  of t h e  s e t  

i 

of Sub- I2 1 

s c r i p t s  of x ‘ s  i n  t h e  i n t e r i o r  s e t .  
i 

Let P ( R )  denote t h e  expected proport ion of t h e  kl s u p e r i o r  1 

populations t h a t  a r e  c o r r e c t l y  c l a s s i f i e d  under procedure R.  L e t  

P (R) denote t h e  expected proport ion of  t h e  k2 i n f e r i o r  populat ions 

t h a t  a r e  m i s c l a s s i f i e d .  

2 

If the re  a r e  no s u p e r i o r  ( i n f e r i o r )  populat ions 
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then  w e  def ine P1 = 0 (P  = 0) .  

If we de f ine  a loss func t ion  

2 

L = L(Rj FO,F1, .. . ,F ) as t h e  t o t a l  k 
number of misc l a s s i f i ca t ions  t h e n  w e  can wr i t e  t h e  expected loss o r  r i s k  

E{LIR) = P ~ ( R )  as 

(2 .5 1 

Obviously we would l i k e  R t o  be  such t h a t  Po(R) and P 1 (R) are large 

while P2(R) and P ( R )  a r e  s m a l l .  We s h a l l  t h e r e f o r e  be  i n t e r e s t e d  

i n  der iving t h e  i n f  PO(R), i n f  P1(R), sup P2(R), sup P3(R), each taken  

3 

over ill.  

3 0  Exact Expressions f o r  Pi(R). 

Let cWri(y) and H . (y)  denote, respec t ive ly ,  t h e  p r o b a b i l i t y  ri 
( d e n s i t y )  element and the  df of t h e  rth order  s t a t i s t i c  Yri i n  a 

sample of s i z e  n from t h e  df Fi (y ) .  It i s  w e l l  known (and easy t o  

show) that  

(3.1) 

where Gr(p)  = I (r,n-r-l-1) denotes t h e  s tandard  incomplete b e t a  func t ion  
P 

(3.3) 

Using t h e  above nota t ion ,  t h e  p r o b a b i l i t y  of a c o r r e c t  s e l e c t i o n  

under procedure R i s  given by 

6 



S i m i l a r l y  w e  o b t a i n  

(3.5) 

These i n  t u r n  y i e l d  exact expression f o r  P (R). 

We now o b t a i n  t h e  infimum (or supremum) of t h e s e  over  

3 

R1. Consider 

PO(R). Since G ( p )  i s  s t r i c t l y  inc reas ing  i n  p, it fol lows as i n  r 

[11] t h a t  t h e  infimum of PO(R) over  Rl is  obtained by s e t t i n g  

F i (y )  = FO(y)  for i c I  and mifiimizing over  . Thus we o b t a i n  1 kl 

= /cI [l-Gr(u)lkdG r-c  ( u )  = Jc(k) ( s a y ) .  

Since G ( u )  is decreasing i n  r f o r  any u ( s e e  e.@;. [ll]) it fol lows 

t h a t  

r 

i s  an inc reas ing  func t ion  of c .  Since J r ( k )  = PICSl Ro) = 1 it 

fo l lows  t h a t  our  primary 

any n. Below w e  s h a l l  consider  what va lues  of Pn allow us t o  t a k e  

c < - r-1 and avoid t h e  degenerate prccedure Ro of p u t t i n g  a l l  k 

populat ions i n  t h e  s e l e c t e d  subse t .  

PX-requirement i n  (2 .1 )  has a s o l u t i o n  f o r  

Table 1 gives ( r - c ) - v a l u e s  f o r  

7 



1 
procedure R fo r  some s p e c i f i e d  P when a = - 2'  

Similar ly ,  we ob ta in  t h e  supremum of P2(R) (which is  t h e  same as 

the  infimum of P1(R)) by s e t t i n g  Fi(y) = FO(y)  f o r  I€12 and maximi- 

z ing  (3.6) over k2,, ob ta in ing  

(3 .9)  

To f i n d  the  supremum of Pj(R) over R1 w e  f irst  show t h a t  J c ( l )  > - 1/2 

f o r  0 < - -  c < r .  1nt .egrat ion by p a r t s  i n  (3 .9)  g ives  

and we note t h a t  Jo(l) = 1/2. Since G r ( x )  i s  decreasing i n  r f o r  

any f i x e d  x it fol lows t h a t  Jc(l) > - 1/2 f o r  0 < - -  c < r. Hence, 

t a k i n g  t h e  supremum f o r  f i x e d  kl and then t h e  m a x i m u m  over kl' 

sup P ( R )  = max I k l ~ ~ p [ l - P l ( R ) I  + k2SW P2(R)I  
O < k l I k  - R1 R1 

(3.11) 3 
nl 

I n  order t o  use t h e  procedure R with c - < r-1 and avoid t h e  

degenerate procedure Ro f o r  c = r, it i s  necessary t o  spec i fy  P 
- - 

not, g rea t e r  than  PC: where Po i s  t h e  value of i n f  PO(R) f o r  
n 

c = r-1. From (3 .7)  we ob ta in  &' 1 

1 
( v ) l k  vn-'dv = J ( k )  . fGn-r+1 r-1 

a 



An asymptotic expression for (3.7) 

The value of P = i n f  P1(R) f o r  c = r-1 (which a l s o  holds f o r  1 

Po with k = 1) is  

i s  der ived  i n  s e c t i o n  5 .  
- 

- R1 

r-1 

i = O  

2n -1 
(2n;:;l 

1 
( v )  vn-'dv = ( ) ) = 1 -  (3.13) G n - r t l  

- 
P2, i . e . ,  sup P ( R )  f o r  c = r-1. The 2 This  is a l s o  t h e  value of 

sma l l e s t  value t h a t  can be  spec i f i ed  f o r  P under a, using procedure 

R i s  e a s i l y  seen t o  be l/(k+l), obtained by s e t t i n g  c = 0 i n  (3 .7) .  

Rl 

It i s  a l s o  of some i n t e r e s t  t o  i n v e s t i g a t e  t h e  infimum Po of 

P9(R) under t h e  s e t  R of a l l  poss ib l e  conf igu ra t ions .  The l e a s t  

favorable  conf igura t ion  here  w i l l  occur f o r  f i x e d  

icI1 Fi 

ob ta in  kl binomial d i s t r i b u t i o n s  wi th  p r o b a b i l i t y  1-a at xa(Fo) 

and t h e  remaining m a s s  a t  -a. Then 

- 

when f o r  each FO 

is  as l a rge  as  possible  sub jec t  t o  xa(Fi) 2 xr(Fo). We thus  

= G r-c (a)[1-Gr(a)lk . 
r To ge t  an upper bound f o r  (3.14) we f i r s t  show t h a t  G r ( x )  i s  

decreasing i n  r.  Wri t ing 
r+l 

(-) r+l = G (L) + (n-r)(:) x'( 1-x) n-r-1 dx ( 3  015 G r + l  n + l  r+l n + l  

n + l  

r (-) by p a r t s  gives  Gr+l n + l  and i n t e g r a t i n g  

9 



r+l 

n+l 

r w e  o b t a i n  from n - r + l  Since t h e  maximum of xr ( l -x)  i s  a t  x = - n + l  

(3.16) f o r  any r 
r+l 

Hence from (3.17) and t h e  f a c t  t h a t  r / ( n + l )  < - a, w e  o b t a i n  

3 Thus from (3.14) we f i n d  t h a t  f o r  any c-value 

i3.19) Po 5 (1 - ;)k 

k which does not  depend on Q, r o r  n.  Since t h i s  i s  l e s s  than ( . 6 5 )  

f o r  any values of r, n, Q w e  cannot u se  t h e  least  f avorab le  configura-  

1 
3 
t 

t . ion over  Q 

P” -requirement . 
as a t o o l  f o r  formulating a ranking problem wi th  t h e  u s u a l  

I n  t h i s  case we do not sample t h e  known s t a n d a r d  and t h e  form of  

t h e  procedure changes. Le t  x (F ) denote t h e  (a-13)th q u a n t i l e  of a+ 0 

Fo where B corresponds t o  c / ( n + l )  i n  s e c t i o n  2 .  

1: Procedure R 

For each i ( i  = 1,2, . . ., k )  put Fi i n  t h e  s e l e c t e d  subse t  iff 

10 



where B i s  t h e  sma l l e s t  number between 0 and CY f o r  which (2 .1 )  

holds * 

Corresponding t o  t h e  r e s u l t s  i n  (3 .4)  through ( 3 . 9 )  w e  o b t a i n  f o r  

(4.3) 

(4.4) 

k k (4.5 1 inf  Po(R1) = [ l - H  r O  ( x  a-P ) ]  = [l-Gr(Q-B)l = J'(k) B ( s a y ) ,  

and t h e  l a s t  r e s u l t  a l s o  holds f o r  sup P ( R  ) over  
2 1  

If r / ( n + l )  > - 1/2 then  CU - > 1/2 and 1-x < - x f o r  x > - Q. It 

fol lows t h a t  for r / ( n + l )  > - 1/2 

so  t h a t  J;)(l) = l - G r ( Q )  > 1/2. Since J ' ( 1 )  is  s t r i c t l y  inc reas ing  

i n  P for 0 B < C y ,  it follows t h a t  J'(1) > 1/2 f o r  r / ( n + l )  > - 1/2 and 

any B with 0 - -  < B < CY. Hence, corresponding t o  (3.11), we have for r / ( n + l ) >  - 1/2, 

B - 

B -  - -  

max (kl[l-Jb(l)] + (k-k )J'(l)) = kJb(1). 
1 B  

SUP P ( R  ) = 
3 1  O < k l < k  

(4.8) 
- -  a 1 

11 



Since J ' ( k )  approaches 1 as f3 -+a we need not  be concerned wi th  
- -  B 

t h e  q u a n t i t i e s  Po, P1, e t c .  when Fo i s  known. 

If we t a k e  t h e  l e a s t  f avorab le  conf igu ra t ion  over  t h e  set '2 of 

a l l  possible  conf igu ra t ions  then  we obtain,  as i n  (3.14) through (3.19) 

i n f  Po(R1) = [ l -Gr(cY)]  k < (1 - $)k 1. (.65)k . I (4.9) - 
n 

0 '  Hence t h e  t e rmina l  remark of s e c t i o n  3 a l s o  holds for t h e  c a s e  of known F 

I 5 .  Asymptotic P r o p e r t i e s  of Procedure R . 
Procedure R i s  cons t ruc t ed  s o  t h a t  with high p r o b a b i l i t y  it I 

r e t a i n s  those populations a t  least as good as t h e  standard; it e l imina te s  

only those populat ions which, on t h e  basis of  a sample, appear t o  be 

d e f i n i t e l y  i n f e r i o r .  I n  t h i s  s e c t i o n  we de f ine  a nonparametric measure,, 

Ga(F,FO), of  t h e  i n f e r i o r i t y  of a populat ion w i t h  df F compared t o  

t h e  c o n t r o l  populat ion with df Fo. It w i l l  b e  seen t h a t  

0 < Ga(F,FO) 5 min(cY, 5) 

6*-Infer ior  Populat ions:  For 6*, a s p e c i f i e d  number between 0 and 

min(QI,l-Q), F i s  6* - in fe r io r  t o  Fo i f  F ( x )  > F ( x )  f o r  a l l  x and 

6a(F,Fo) 2 6** L e t  P2(6*l R )  denote t h e  expected p ropor t ion  of 

6*-infer iors  i n  t h e  subset  s e l e c t e d  by R j  if t h e r e  a r e  no 6* - in fe r io r s  

R 
R provided F ( x )  > F ( x )  f o r  a l l  x and where 5 = 142. - - 0  

- 0  

t hen  we def ine P2(6*IR(c)) = 0. 

Recall  t h a t  R(c )  i s  t h e  s e l e c t i o n  procedure de f ined  by (2 .4 ) .  

I n  t h i s  s ec t ion  we o b t a i n  asymptotic expressions ( n  + 0 5 )  f o r  

i n f  PO(R(c)) and sup P2(6*I R ( c ) ) .  We use t h e s e  t o  o b t a i n  asymptotic 

nl nl 
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8 

expressions for t h e  minimum sample s i z e  r equ i r ed  by procedure 

giiarant.ee f o r  s p e c i f i e d  P and @*, i n f  PO(R) >_ P, and 

sup P2(6*/R) < - B*-  

A measure of i n f e r i o r i t y :  

R t o  

R1 

nl 

Let F ( x )  >_ FO(x)  for all x and l e t  6(F,FO) denote an a r b i t r a r y  

nonparametric measure of t h e  degree of i n f e r i o r i t y  of F t o  Fo. 6 i s  

nonparametric i f  and only i f  f o r  continuous F and Fo 

(5 "1) 6(F,FO) = 6(F(F;?,U), where U i s  t h e  uniform ( 0 , l ) d f  . 

Being a measure of i n f e r i o r i t y  (degree of s t o c h a s t i c  sma l lnes s )  6 

should a l s o  s a t . i s f y  

F = F => ~ ( F , F ~ )  = G (5 0 

and 

(5.3) F ' ( x )  > - F ( X )  - > F~(x), for a l l  x => ~ ( F ' , F ~ )  >_ ~ ( F . , F ~ )  . 

L e t  g be an a r b i t r a r y  non-decreasing f u n c t i o n  of  bounded 

v a r i a t i o n  on ( 0 , l ) j  a g e n e r a l  6 s a t i s f y i n g  (5 .1) - (5 .3)  i s  

One example of suck; a 6 i s  already familiar, namely 

The measure Ga(F,FO) which we propose i s  obtained by s e t t i n g  

g ( . i )  = C or 1 according as u < a or u > - a. It i s  easy t o  s e e  t h a t  

under t h e  assumptions F ( x )  2 FO(x), f o r  a l l  x, F and Fo cantinuous, 



t h i s  choice of  g gives 

F ( X ) - F ~ ( X )  F ( X ) + F ~ ( X )  
= a} . (5 .4)  c ~ ~ ( F , F ~ )  = i n f  { 2 

X 

Notice t h a t  i f  F ( x )  + FO(x) = 2a t h e n  F ( x )  = a+Ga(F,Fg) 

F ( x )  = Q: -Ga(F,FO) 

express (5 .4)  as 

and 

so  t h a t  Ga(F,FO) <_ min(a,z) .  We can a l s o  
0 

6,(F,FO) = i n f  {a: F,’(a-d) >_ F-’(a+d)} , 
d 

(5 - 5  1 

provided we d e f i n e  F i l ( u )  = i n f  {x: FO(x)  > u} and 

F ( u )  = sup {x: ~ ( x )  < u}s Thus G ~ ( F , F ~ )  i s  t h e  smallest non-negative 
X 

-1 
X 

d such t h a t  X a - d  ( F  0 >_ xa+d(F)’ 

Asymptotic Expressions f o r  i n f  PO(R(c)):  

It follows from ( 2 . 3 )  t h a t  r / n  -+a as, n + m .  We s h a l l  cons ide r  

two rates of growth as n + w  f o r  c i n  t h e  procedure R ( c ) j  Case i )  

n-l/*c -+ (a a) 
and a = 1 4  and Case ii) f o r  some E (0  < E < a / 2 ) ,  E < - c /n  < - Q-E.  

1-1 2 A where A i s  an a r b i t r a r y  non-negative number 

Case i) is involved i n  quest ions of Pitman e f f i c i e n c y  and Case ii) i n  

quest  ions of Bahadur e f f i c i e n c y  a 

Case i): From ( 3 . 7 )  we conclude t h a t  

i n f  Po(R(c))  = P{Yri 2 Y r - c , o ~  i = l , . . . y k ) ,  

where F = . a * =  F = F a r e  continuous.  We can assume any conveinent 

continuous form for t h i s  Fo; i n  p a r t i c u l a r ,  if Fo i s  exponential  

t hen  Yri and Yr-c,o a r e  sums of independent random variables , f rom 

which it e a s i l y  fol lows t h a t  ( l e t t i n g  

1 k O  

Q denote t h e  s t anda rd  normal d f )  

14 



8 
8 
I 

I 
8 
I 
I 
c 
8 
1 
t 
1 
1 
8 
1 
Ip 

8 
a 

- 112 
where n-l'*c -+ A ( a  a )  . The i n t e g r a l  i n  (5 .6)  occurs f r e q u e n t l y  i n  

t h e  l i t e r a t u r e  of s e l e c t i o n  procedures and i s  ex tens ive ly  t a b u l a t e d  

among o t h e r s  by Milton [ lo ]  and Gupta [51. 

Case ii): I n  t h i s  case c l e a r l y  i n f  PO(R(c)) -+ 1. Since 

i n f  PO(R(C)) = P[Yri 1 Yr-c ,o  , 1 < - -  i < k] 
a1 

when F1 = . * * =  Fk = Foj 
a,  I 
it is  c l e a r  t h a t  

where F = F 1 0' 

] is  t h e  same as t h e  event t h a t  a t  l e a s t  IYrl  < 'r-c,O 
The event 

r observat ions from population II a r e  among t h e  2 r - c - i  smallest 
1 

observat ions from II and TI t o g e t h e r .  Thus 0 1 

( 5 . 7 )  

from which it i s  easy t o  ob ta in  

( 5  -8)  

and 

Sirice r/ri -+a and 0 << E < - c/n K - Q-E,  w e  can apply S t i r l i n g ' s  

15 



approximation t o  ( 5 . 8 )  and ( 5 . 9 )  t o  obtain:  

( 5 . 8 )  implies t h a t  t h e r e  e x i s t s  an 6 ’  > 0 depending only on E and a 

such t h a t  K < n1/2/E’ and ( 5 . 9 )  implies  that  t h e r e  exis ts  an E” > 0 n -  
depending only on E and a such t h a t  n -1/2611 < - K n *  

Thus if  .c/n -+ 7, 0 < 7 < 0, 

where 

information number. 

I (x ,y )  = x log(&) + ( I - x )  log (%) i s  t h e  Kullback-Leibler 
Y 1 Y  

Asymptotic Expressions f o r  sup P2(6*I R(c)) :  
% 

L e t  12(6*) denote t h e  s e t  of s u b s c r i p t s  of t hose  Fi which a r e  

6*-infer ior  t o  Fo and l e t  k (6* )  be t h e  number of s u b s c r i p t s  i n  2 

12(6*). Then P2(6+1R(c)) i s  j u s t  (3.6) with k2 and I2 r ep laced  

by k2(6*) and 12(6*) r e s p e c t i v e l y .  The supremum of 

( y )  = l-Gr(Fi(y)) over  Ql s u b j e c t  t o  G(FiJFO) > - 6* occurs i 
when 

16 



Thus 

where t h e  l a t t e r  p r o b a b i l i t y  i s  computed under t h e  assumption t h a t  

FO(x) i s  continuous and F (x) = F*(F (x)). 1 1 0  

Analogous t o  t h e  two cases  s tud ied  f o r  PO(R(c))  w e  consider  as 

Case i )  n-1’2c -+ ((2 a)’’’A and n l/’6* -+ (0 a)ll2f, where A and 

f a r e  a r b l . t r a r y  non-negative constants,  and 

Case ii) c/n -+ 7, 0 - < 7 < 8*, 6* f i x e d ,  0 < 6* < min((2,a). 

I n  case i )  an argiment s i m i l a r  t o  t h a t  used f o r  i n f  PO(R(c))  
Ql 

yi e Ids 

[ 1+O ( x+A ) -0 ( X-A) I do( x ) 

+ O(A-f)[2O(f)-l]  

Jfrn 1 i . m  sup P ( ~ * I R ( c ) )  = 2 ( 5  a 1 3 1  
% n +a, 

and url  
and U r - c y  0’ where ‘r 1 I n  case i i)y by introducing 

a r e  t h e  rth and ( r - c ) th  o r d e r  s t a t i s t . i c s  from two independent ‘r-c, 0 

m i f o r m  (0,l) samples each of s i z e  n, we can w r i t e  (5 .12)  as 

(5 .14)  sup Pg(6*(R(c ) )  

5 

Thus 



and 

Let t ing  W(p) denote t h e  sum of n Bernoul l i  random v a r i a b l e s  

p, t h e  r i g h t  s i d e  of (5  .l5) which i s  t h e  same as t h e  wi th  parameter 

second expression i n  (5.16) can be w r i t t e n  as 

( 5  -17) ~[w(a-8*) > - r - c )  + ~ ( ~ ( a + 6 * )  <_ rl . 

Then it follows from standard r e s u l t s  on l a rge  devia t ions  (eg .  [41 

Theorem 1) app l i ed  t o  (5 .17)  t h a t  

where I ( x t y )  is def ined  a f t e r  (5 .10) .  

Approximations t o  t h e  Sample Size: 

n(P*,@*,G"I R )  Let be t h e  smallest sample s i z e  requi red  by proce- 

dure R t o  achieve 

der ive  asymptotic expressions f o r  

regions i n  t h e  domain of t h e  Spec i f ied  q u a n t i t i e s  

i n f  PO(R) > - P* and sup P2(8*l R )  5 B*. We now 
nl % 

n(P*,@*,G*I R )  v a l i d  i n  t h r e e  

(p)c>B*j8*)j t h e  

18 
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f i r s t  two regions correspond t o  cases  i)  and ii). 

Region i): Let 0 < B* < F+ < 1 be f i x e d  and 6* s m a l l .  Clearly, 

as 6* + 0, n(P,B*,G*IR) + m .  It fol lows from (5 .6 )  t h a t  

n-1/2c +A*(a z)1/2, 
(5 .6 )  equated t o  P. 

where f* is  t h e  so lu t ion  of t he  r i g h t  s i d e  of (5.13) equated t o  P* 

with  A replaced by A*. 

where A* is  t h e  s o l u t i o n  of t h e  r i g h t  s i d e  of  
- 1/2 

Also, it follows from (5.13) t h a t  n1I26* 4 f*(a a )  

Thus w e  have 

(5.19) n(F+,B*,8*lR) = aa (f*)2/(6*)2 

and 

(5 . P O )  

Region ii): L e t  0 < B* < 1, 8* > 0 be  f i x e d  and P b e  c l o s e  t o  1. 

It is  easy t o  prove that - -+ 6*; 

(5 -16) one concludes t h a t  

C for i f  not  then  from (5.15) and n 

l i m  sup P , ( ~ * ~ R ( C ) )  = o c/n < - &*-E 

1 , c/n > - 6 * + ~  
f i l  n + m  

f o r  any E > 0 ,  but  i n  f a c t  sup P2(6*lR(c)) = @* 0 , l .  Hence 

- + 8 *  and consequently y of case ii) equals  6*. n 
C % 

Therefore from (5.18) w e  have 

Thus we have 



8 

log( 1-w) (5 -22) n(P)C,B*,G*IR) - 
I(a-G*,a $5 + I@,* -3 

and, of course, 

Region iii): L e t  0 < P* < 1 and 0 < €I* < min(a,a)  be  f i x e d  and 

B* small. 

so  t h a t  c /n  + O .  
1/2 

A s  i n  region i )  w e  have n-1/2c +A*(CX E )  

Since 6" = sup P2(S*IR(c)) 

(5.24) n(P)c,B*,G*I R )  - log  B*/rnin[I(a,a-G*), I (a ,a+W)] . 

we have from (5.18) (wi th  7 = 0 )  

1 
I 
I 
I 
I 
I 
8 
I 

6 .  Eff ic iency  Comparisons wi th  Competing Procedures 

A nonparametric competi tor  S: Let 

rank of Xj i  among Xl0,. . .,Xn0,Xli, . .,Xni ( t h e  sma l l e s t  has rank 1) and l e t  

Rji  (1 < - i < - k, '1 < - -  j < n )  denote t h e  

". 
R m i  = f Rji .  Procedure S ( d )  pu ts  II i n  t h e  s e l e c t e d  subse t  i f f  i j=1 

where d is  an i n t e g e r  not l e s s  t han  n (n+ l ) /2 .  Procedure S i s  

determined by s e t t i n g  d equal  t o  i t s  l a r g e s t  value s a t i s f y i n g  t h e  

condi t ion  in f  Po(S(d))  > - P. 
01 

S is in t ima te ly  r e l a t e d  t o  a simultaneous in fe rence  procedure 

proposed by S t e e l  ( s e e  [91 p .  143); i n  f a c t  t h e  d va lue  needed t o  

R 

c a r r y  out S can be obta ined  from t a b l e s  of t h e  c r i t i c a l  va lues  of 

S t e e l ' s  procedure with 1-Plc corresponding t o  t h e  s i g n i f i c a n c e  l e v e l .  
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I -  

To see  t h i s ,  n o t i c e  

and does not depend 

obvious app l i ca t ion  

t h a t  R e i  i s  nondecreasing i n  observat ions from II 

on observations from n i , ,  i’ f 0 , i .  Then by an 

i 

of Lemma 1.1 we conclude t h a t  PO(S(d))  i s  minimized 

over  Q, when F1 = F = . e . =  Fk = FO. Under t h i s  hypothesis  the  d i s -  

t r i b u t i o n  of 

This i s  proved by t ak ing  

0 - -  < i < k, 1 < - -  j < n, 

2 

( R , i 9 . .  . , R  k )  i s  t h e  same as t h a t  of (n(2n+1)-Ra1,. ..,n(2n+l)-R * k  ) .  

FiP 0 5 i < - k, t o  be  uniform. Thus Y j i  = ( l - X J i ) ,  

a r e  independent uniform random v a r i a b l e s  and i f  

denotesthe rank of Y j i  among YlO9 * .  . ,Yno.’YliJ. .  -,Yni’ t hen  c l e a r l y  ‘ji 

= (2n+l)-Rji .  The a r r ay  ISji;  1 < - -  i < k, 1 <_ j 5 nl 

s o  

has ‘ji 

t h e  same d i s t . r i bu t ion  as (Rji; 1 < - -  i < k, 1 < - -  j < n )  

(Ra1,  ..., R ) has t h e  same d i s t r i b u t i o n  as 

(n(2n+l)-Re1, o .  . ,n(2n+l)-Rqk) and consequently 

(I Sjl, . .*,I Sjk) = 
j j 

.k  

i n f  PO(S(d) )  = Pi min R , i  > - d )  
l < i < k  nl - -  

- - 1-p{ max > n( 2n+ l )  -d) , 
l < i < k  R*i  - -  

where t h e s e  p r o b a b i l i t i e s  a r e  computed under t h e  assumption t h a t  

F. = F = . e o =  F = Fo. If (6.2) i s  equated t o  P” t hen  d = n(2n+l )+l - r+ ,  1 2  k 

where 

s ign i f i cance  l e v e l  1-P”. 

I++ can be obtained by en ter ing  t a b l e  VIII, p .  250 of [g] a t  

For  f i x e d  P” f r o m  (57),  p .  151 of [9] w e  ob ta in  

d = n(2n+1)/2 -A*n[ (2n+1)/24] 1/ 2 

where A* is t h e  so lu t ion  of the  right s i d e  of (5.6) equated t o  P. 

2 1  



Proport ion of I n f e r i o r s  Se lec t ed  by S: 

Let F* denote an a r b i t r a r y  (no t  n e c e s s a r i l y  cont inuous)  df on 

t h e  i n t e r v a l  0 < u < 1 such t h a t  F*(u) > - u. We shall  say  t h a t  a df 

Fi 

denotes the  expected propor t ion  of F - i n f e r i o r  populat ions i n  t h e  sub- 

i s  F*- infer ior  t o  F~ if F ~ ( X )  2 F Y C ( F ~ ( X ) ) ,  f o r  a l l  x; P ~ ( F I C I S )  

s e t  s e l ec t ed  by 

de f ine  P2(F*]S) = 0. 

S and if no populat ions a r e  Fjc- infer ior  t h e n  we 

Again applying Lemia 1.1 we conclude t h a t  

(6.4) sup P2(FKlS) = P(R, l  1. d )  
Ql 

where t h e  l a t t e r  p r o b a b i l i t y  i s  computed under t h e  assumption t h a t  

F1(X) = F*(FO(x)) .  
1/ 2 n(2n+1) ) ln2  - 

From Lemma 3.2 of [2 ]  we conclude that W = n { ( R a l -  2 

(1/2 - JFKdu)] has t h e  same l i m i t i n g  d i s t r i b u t i o n  ( n  + o o )  as 

n 

j=1 
-1/2 1 [F ( X .  )+1-F*(F ( X .  ) ]  - 2n1/2(L-lFKdu). Y = n  

0 5 1  0 J o  

For purposes of ana lys i s  suppose t h a t  FK depends on n and as n -+w 

F*(u) approaches u a t  such a r a t e  t h a t  n1/*(/FKdu-1/2) = 0(1), 

t hen  by app l i ca t ion  of t h e  c e n t r a l  l i m i t  theorem (as s t a t e d  i n  [81, p.  

295) we conclude t h a t  Y 

var iance  1/6. Hence from (6.3) and (6.4) we ob ta in  

i s  asymptot ica l ly  normal wi th  mean zero  and 

(6.5) sup P2(F*lS) e O(2-1/2A*-(6n)1/2(/F*du-1/2)) , 
R1 

when 0 i s  t h e  s tandard  normal df.  

From (5.11)  it i s  c l e a r  t h a t  F is 8*- in fe r io r  i f  and only if i 

it i s  P - i n f e r i o r  with 

22 



~ ( x )  = F*(x) = x , o < x < a-&* or a+6* < - x < 1 (6 .6)  1 

a+€l* , a-&* < x < a** . - 

So i f  Pn(6*f S )  denotes t h e  expected proport ion of 8* - in fe r io r  
c 

populations i n  t h e  subse t  

(6.7) SUP P2(6*IS) 

provided n 1/28*2 = o ( 1 ) .  
nl 

Defining n( P*, B*, 8* 

se l ec t ed  by S w e  have from ( 6 . 5 ) ,  

x ~(2-1’2A*-(24n)1’2€l*2) , 

S )  as i n  s e c t i o n  5 it fol lows from (6.7) 

t h a t  f o r  f i x e d  0 < B* < P < 1 and s m a l l  8* 

n(F+,B*,6*IS) = ( ~ * - 2 - ~ / ~ A * ) ~ / 2 4 ( 6 * )  4 , 
(6.8) 

where O ( z * )  = p*. 

A j R  ; 

Comparison of (6.8) w i t h  (5.19) shows t h a t  f o r  small 6* the 

sample s i z e  requi red  by S i s  propor t iona l  t o  t h e  square of t h e  

sample s i z e  requi red  by R .  Thus t h e  Pitman e f f i c i e n c y  of S wi th  

respec t  t o  R i s  zero .  It should be noted t h a t  i f  t h e  extrema a r e  

taken over a smaller c l a s s  t h a n  

fami ly)  then  t h e  sample s i z e  comparison need not  be so  unfavorable t o  

Q, 
(such as a loca t ion  parameter 

S, indeed, S may even requi re  a smal le r  sample s i z e  than  R. 

Next we cons ider  an e f f i c i ency  comparison of t h e  s o r t  urged by 

Bahadur [31 - Here w e  hold 8* and B* f i x e d  and s tudy  t h e  behavior  

of t h e  sample s i z e  as P approaches one. 
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I n  view of (6 .4)  and (6 .5 )  and t h e  asymptotic normali ty  of R 

t h e  assumption t h a t  sup P2(6*IS) = @* determines d and implies  
a 1  

5 

From ( 6 . 2 )  one ob ta ins  a f t e r  some a lgeb ra  us ing  Bonfe r r ion i ' s  i n e q u a l i t y  

(6.10) 

where t h e  l a t t e r  p r o b a b i l i t y  i s  computed under t h e  assumption t h a t  

F = Fo. In [Q]  it i s  shown t h a t  1 

2 l i m  - l o g  P{Rul<d} = 2e  (2(8*) ) , n W 
(6.11) 

n + m  

where e ( P )  is given by t h e  numerator of (3 .4)  of [ 6 ] .  From (6.10) 

and (6.11) w e  obtain,  f o r  f i x e d  @* and 8* and P approaching uni ty ,  

W 

and comparing (6.12)  with (5.22) we have 

We s h a l l  c a l l  t h e  r i g h t  s i d e  of (6.13) t h e  Bahadur e f f i c i e n c y  of S 

with respect t o  R; note  t h a t  it i s  independent of f3*. Using l i n e  

13, p a  1762, of [6] ,  

2 of Table I on t h a t  page f o r  p = 2-1/2Q-1[2(8*) +l/2]; w e  a l s o  do 

some a d d i t i o n a l  c a l c u l a t i o n s  of e , ( - )  

t h i s  and the  Bahadur e f f i c i e n c y  of S with r e s p e c t  t o  R f o r  a = - 0  

e,(2(€1*)~) can be  eva lua ted  by e n t e r i n g  column 

2 

and i n  Table 3 we t a b u l a t e  

1 
2 
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An Asymptotically Nonparametric Competitor M: 

Let xi be t h e  sample mean from JI i’ 0 - < i < - k, and l e t  n l (B)  

4 
be t h e  subse t  of a, on which V,(FO)/u (Fo) < - B < 00 where Z ( F 0 )  

and v (F ) denote t h e  var iance and f o u r t h  c e n t r a l  moment of . 
If U (F ) i s  known it is poss ib l e  t o ’ c a r r y  ou t  t h e  procedure -W(d) 

which re ta ins  those  populations i n  t h e  s e l e c t e d  subset  f o r  which 

4 0  FO 
2 

0 

(6.14) 1/2- 1/2- n Xi 2 n Xo - U ( F o ) d  . 

It fol lows from Lemma 1.1 t h a t  

(6.15 ) i n f  PO(W(d)) = inf I [ l - F i n ) ( x - d ) l k  d F t ) ( x )  , 
n l ( B >  FO 

where Fo 

i s  t aken  over t hose  Fo f o r  which V4(F0)/U (Fo) < - B.  If d remains 

bounded as n -+aJ t hen  us ing  t h e  Berry-Esseen bound 

is t h e  d f  . of n1’2(~0-p(Fo))/U(FO) and t h e  second infimum 

4 

cv3 ( ~ 0  -112 
lFLn)(x)-@(x)l  < - < CB ’’‘ n where C i s  a cons t an t  

- J(Fo) 

and v (F ) i s  t h e  t h i r d  absolute  c e n t r a l  moment of Fo, one can 

e a s i l y  prove t h a t  t h e  r i g h t  s i d e  of (6.15) approaches t h e  r i g h t  s i d e  

of (5 .6 )  with 

3 0  

A = d .  

2 2 i1 When u (F  ) is unknown, i t s  e s t ima te  So = E (Xjo-?o)2/(n-l) 
0 j =0 

has t h e  property t h a t  

M ( d )  by r ep lac ing  u(Fo)’ by So i n  (6.14).  Then it is  easy t o  

e s t a b l i s h  t h a t  

sup Pi1 l-SdO-(FO)( >_ E] 5 B/nc4,e > O .  Define procedure 
FP 
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With t h e  f u r t h e r  r e s t r i c t i o n  t h a t  U(F1) = . e * =  d F k )  = U(Fo) and 

4 v4(Fi)/U (Fi) 5 B, i = 0, ..., k one can use t h e  pooled es t imate  

n k  
S2 = E: 1 (Xji-xi)*/(k+l)(n- l )  i n  place of SE and (6.16)  w i l l  

j=1  i = O  
remain t r u e .  

We denote by M t h e  procedure M(d) with d determined s o  

t h a t  l i m  i n f  PO(M(d)) = Pj it fol lows from (6.16) t h a t  d -+ d*, 

t h e  so lu t ion  of t h e  right s i d e  of (6.16) equated t o  

n -+m fil(B) 

P. 

Proportion of I n f e r i o r s  Se lec ted  by M f o r  Fixed Fo: 

We define 6*- infer ior  populations as usua1,thus F i (x)  i s  

6*-infer ior  t o  Fo i f f  F i (x )  >_ F:(FO(x)), where F;(FO(x)) i s  

t h e  r i g h t  s i d e  of (5.11).  Le t t i ng  P2(6*IM) denote t h e  expected 

proport ion of 6* - in fe r io r s  s e l e c t e d  by M and fi,(Fo) denote fi, 

wi th  Fo held f ixed ,  it fol lows from Lemma 1.1 t h a t  f o r  any E > 0 

8 
I 

8 
B 

(6.17) sup P2(6*IM) - < P{xl >_ ?$-n-”*D(F0)(l+E)d) 
”(Fo) 

+ P{I1-SO/D(FO)I > €1 

I 
I 

where t h e  f i rs t  p robab i l i t y  on t h e  r i g h t  i s  computed with 

and t h e  second p r o b a b i l i t y  depends only on 

F1(x) = q ( F O ( x ) )  

Fo. It fol lows e a s i l y  from 

(6.17) t h a t  

provided 8* + O  such t h a t  
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8 - ,  

I 
1 
8 
8 
8 
I 
I 
i 
1 
I 
I 
0 
8 
8 
I 
I 
I 
8 

here  p(F)  denotes t h e  mean of  the df F. Assuming Fo has a 

p o s i t i v e  de r iva t ive  a t  i ts  a 

(6  - 18 ) becomes 

t h  
-quant i te  and denoting it by f (x ) o a  

Thus f o r  f i x e d  Foy P and B* w e  have (as S* -+ 0)  

4 (6.21) n ( P-X, P*, S* 1 M )  = ( ~ * - 2 - ” ~ d * ) ~  ( f ( xa ) c( Fo ) )2 /2  ( S *  ) , 

where Q(z*) = f3*. 

Asymptotic Rela t ive  Ef f i c i enc ie s  of M Compared t o  R: 

Comparison of (6 .21)  and (5.19) shows t h a t  M, l i k e  S, r equ i r e s  

sample s i z e s  propor t iona l  t o  the  square of t h a t  requi red  by R for small 6*. 

I n  order  t o  obta in  Bahadur e f f i c i e n c y  comparisons analogous t o  

(6.13) f o r  f ixed  Fo one ( e s s e n t i a l l y )  needs a ” l a r g e  deviat ions” 

r e s u l t  f o r  t h e  t - s t a t i s t i c  computed from a sample drawn from Fo. To 

t h e  au thors ’  knowledge such a r e s u l t  i s  known only when 

Indeed i f  F1 = Fo is  normal then T = (2n) (Xl-%o)/So has t h e  

t - d i s t r i b u t i o n  with (n-1) degrees of freedom. Klotz [6] shows t h a t  f o r  

a sequence r approaching a pos i t i ve  constant  r , 

Fo i s  normal. 

1/2 - 

n 0 



Arguing as i n  t h e  discussion leading up t o  (6.12) w e  conclude t h a t  

with Fo normal, 6* and @* f ixed ,  as P* -+ 1, 

(6.22) 

where (wi th  cp denoting t h e  s t anda rd  normal d e n s i t y  func t ion )  

2 
n(P,@*,G*[M) = -2 l o g ( l - P x ) / l o g ( l + r  0 (a,&*)) , 

Thus, combining (6.22) and (5.22), I 
1 
I 

We c a l l  t h e  r i g h t  s i d e  of (6.24) t h e  Bahadur e f f i c i e n c y  of 

1 respec t  t o  R when Fo i s  normal; (6.24) i s  t a b u l a t e d  f o r  QI = - 2 

i n  Table 5 .  Since F i s  normal it i s  not s u r p r i s i n g  that-M becomes more 

e f f i c i e n t  for l a r g e r  values of 6*. 

M w i t h  

0 

1 7. A Minimax Procedure R '  . 
Another problem of i n t e r e s t  t o  us i s  t o  d e f i n e  f o r  a given b - > 0 

t h e  r i s k  func t ion  

( 7 4  P4(R')  = Pj (R ' )  + b [ l - P O ( R ' ) I  

8 and find t h e  c-value such t h a t  f o r  unknown F 

t h e  rriaxiirium of' P ( R '  ) over 

does not depend on any s p e c i f i e d  P*j w e  r e f e r  t o  it as t h e  minimax 

t h e  procedure R'= R(c) minimizes 0 
This de f ines  a new procedure R' t h a t  1' 4 

procedure and with J ( e )  as defined by (3 .7)  o b t a i n  i n  a s t r a igh t fo rward  

manner 

C 



8 
8 
I 
I 
I 
8 
i 
I 
8 
8 
I 
I 
8 
1 
I 
I 
I 
1 
8 

If k i s  not l a r g e  then  we r e so r t  t o  a numerical computation f o r  each 

value of 

t i o n  i s  d i f f i c u l t .  Then t h e  required c-value f o r  t h e  minimax procedure 

kl i n  ( 7 . 2 )  t o  o b t a i n  t h e  maximum, s i n c e  an a n a l y t i c  maximiza- 

R' 

1 
Table 2 gives  c-values and t h e  r e s u l t i n g  minimax r i s k s  f o r  a = - 2' 

b = k, 2k, 3k, k and s e l e c t e d  values of n and k. 

i s  t h e  i n t e g e r  (wi th  0 < - -  c < r )  t h a t  minimizes t h e s e  m a x i m a l  va lues .  

2 

The t r i v i a l  procedure t h a t  s e i e c t s  one of t h e  2k poss ib l e  

s u b s e t s  a t  random without looking a t  any observat ions has t h e  constant  

r i s k  

(7 .3 )  k P ( R ' )  = 2 + b(1-2-k)  , 4 0  

which i s  an upper bound f o r  the minimax r i s k  f o r  procedure R'. 

For t h e  case of known F the r e s u l t  analogous t o  ( 7 . 2 )  i s  obtained 

by  r e c a l l i n g  J;(-) of (4 .5 )  and r ep lac ing  J ( 0 )  by J'(*) i n  (7 .2)  and 

t h e  minimax procedure R; i s  then de f ined  by t a k i n g  @ equa l  t o  t h e  

va lue  t h a t  minimizes t h e  maximum i n  t h e  modified ve r s ion  of (7 .2) .  

r e s u l t  (7.3) a l s o  holds  f o r  the  t r i v i a l  procedure i n  t h e  c a s e  of known Fo. 

O J  

C B 

The 

It should be noted t h a t  t h e  minimax r i s k  of R' i n  Table 2 i s  not  

n e c e s s a r i l y  monotonic i n  n for f i x e d  k; w e  be l i eve  t h a t  t h i s  i s  due 

t o  o u r  f o r c i n g  c t o  b e  an i n t e g e r .  If we use a s u i t a b l e  randomized 

procedure we can presumably t a k e  t h e s e  "kinks" out of t h e  minimax r i s k  

and make it monotonic. 



8. Concluding Remarks. 

Related Problems Solved by Procedure RZ 

The problem of s e l e c t i n g  a l l  populat ions with xOI(Fi) 5 xcr(Fo) so 

t ha t  t h e  p r o b a b i l i t y  of a c o r r e c t  s e l e c t i o n  is  no less than P* is 

solved by the  procedure which s e l e c t s  II iff 
i 

where r is t h e  i n t e g e r  s a t i s f y i n g  (2.3) and c i s  the s o l u t i o n  

of (3.7) equated t o  PX and may be  obtained from a table giving c-values 

f o r  procedure R corresponding t o  1-a. This  s ta tement  i s  proved 

simply by noting t h a t  i f  X has d f  F ( x )  then  -X has df 1-F(-x) 

s o  t h a t  -x ( F )  is  t h e  ath-quant i le  of -X. 
1 - C U  

The procedure de f ined  by (8.1) a l s o  so lves  t h e  c l a s s i c a l  problem 

of t e s t i n g  a t  level 1-P t h a t  a t  l e a s t  one populat ion is  b e t t e r  t h a n  

r[ Like S t e e l ' s  procedure ( s e c t i o n  6 and [ g ] ,  p. 143), it has t h e  

property t h a t ,  wi th  p r o b a b i l i t y  a t  least P, one may c o r r e c t l y  a s s e r t  

0' 

t h a t  a l l  populations f o r  which (8.1) is  not t r u e  are be t t e r  than  fro. 
We remark he re  t h a t  R has an unbiasedness property: i f  

Fi(x)  > F . ( x )  f o r  a l l  x then  R i s  more l i k e l y  t o  s e l e c t  II 

t h a n   IT^. 
- J  j 

Scores Proc edurest  

Procedure S discussed i n  s e c t i o n  6 can be  gene ra l i zed  by r ep lac ing  

R a i  i n  (6 .1)  by  a two-sample s c o r e s  s t a t i s t i c  t h e  Wilcoxon s t a t i s t i c  

n 
11 

T i =  1 J 
j i  - n, R j=1  
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8 
I 
I 
8 
1 
I 
8 
1 
I; 
I 
8 
I 
8 
I 
I 
I 
I 
I 
8 

< D . .  - l e t  us c a l l  t h i s  procedure 
n , l 5  Jn,2 - 5 Jn,2n’ wi th  monotone scores  J 

. It seems c l e a r  under t h e  usual assumption ( t h e  s t e p  f u n c t i o n  sJ 

J n ( u )  = J 

mean t o  a func t ion  J ( u ) )  t h a t  SJ will s t i l l  have zero Pitman e f f i -  

c iency compared t o  R. Under some a d d i t i o n a l  assumptions on J ( u )  

( j - l ) / 2 n  < - u < j/2n, 1 < - -  j < 212, converges i n  quadra t i c  
n Y j ’  

( s e e  [12]), t h e r e  i s  a func t ion  I J o  ( r  ) F1 = F 0 

and r n i s  a sequence of constants  approaching some cons tan t  r 0’ 

such t h a t ,  when 

(8 .3  1 1 I i m  
n - + m  

[ - - n log  P ( T ~  1 nrnl 1 = I J o  ( r  ) . 

with r e s p e c t  t o  R w i l l  sJ I n  t h i s  case t h e  Bahadur e f f i c i e n c y  of 

be the  r i g h t  s i d e  of (6.13) with t h e  numerator r ep laced  by 

where r* i s  t h e  p r o b a b i l i t y  l i m i t  of n - h l  when F1 = q ( F o )  

( s e e  (>-ll)), t h a t  is ,  I?+ = 6’ J [ ( F ? ( u )  + U ) / ~ ] T ( U ) .  

IJ(r*), 
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Table 1: Largest values' of r-c for which 
1 n+l  r = - 2 . inf P (R) > Pn for Q = 5 and 1 -  

5 

15 

25 

5 

15 

25 

35 

45 

55 

65 

5 

15 

25 

35 

45 

55 

65 

o# 
3 

7 

1 1 1 1 - 1 o# o# o# o# 
6 5 4 4 4 4 - 4 3 3 

10 9 a 8 8 7 7 7 7 

15 13 13 12 12 I 2  11 11 11 

19 18 17 16 16 16 15 15 15 

24 22 21  2 1  20 20 20 19 19 

24 29 27 26 25 25 24 24 24 

- 

- 

P* = .900 

1 o# o# o# o# 

3 3 3 3 3 

8 7 7 6 6 

12 11 10 10 10 

16 15 14 14 14 

2 1  19 19 18 18 

25 24 23 22 22 

3 2 2 2 - 
6 6 - 6 5 

10 9 9 9 

13 13 13 13 

17 17 17 17 

- 

21 2 1  21 21 

P* = -950 

o# o# o# o# o# Q# o# o# 

3 2 2 2 2 2 2 2 

6 6 5 5 5 5 5 - 5 
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Px = -950 ( c o n t . )  

5 
15 

35 
45 
55 
65 

o# 
2 

11 10 

15 14 
19 18 
23 22 

45 
55 
65 

13 

17 
22 

5 
15 

25 

35 
45 
55 
65 

o# 
2 

5 
9 
12 

16 
20 

9 
13 
17 
21 

o# 
2 

5 
8 
12 

16 
19 

9 - 9 
13 12 

16 16 
20 20 

P* = "975 

o# o# 
2 1 

4 4 
8 8 

11 11 

- 

- 

1-5 15 
19 19 

P = .990 

@# o# o# o# o# 

5 4 4 - 4 3 
2 1 1 1 1 

8 7 7 7 6 
12 11 10 10 10 

16 15 14 14 13 
20 18 18 17 17 

8 
12 

16 
20 

e# 
1 

4 
7 
11 

- 15 
18 

8 
12 

16 
20 - 

o# 
1 

4 
7 
11 

14 
18 

8 
12 

15 
19 

o# 
1 
4 
7 
11 

14 
- 

18 

8 
11 

15 
19 

o# 
1 

4 
7 
10 

14 
18 

o# o# o# o# 
1 1 1 1 

3 3 3 3 
6 6 6 6 
I 10 9 9 9 
13 13 13 - 13 
17 16 16 16 

' Based on t h e  equat ion Jc(k) = P*j see ( 3 . 7 ) .  Other r -c  va lues  for 
n > 65 can be obtained from Table 3 of [ll] by  en te r ing  t h a t  t a b l e  
with t h e  value of k increased by one. The under l ined  e n t r i e s  are 
t h e  only va lues  t h a t  d i f f e r  f r o m  t h e  corresponding e n t r i e s  (with k 
s h i f t e d  by one) c f  Table 3 of [Ill; in each case  th i s  value i s  exac t ly  
one l a r g e r  t han  the value i n  [111. 

# Degenerate cases  i n  which a l l  t h e  populat ions go i n t o  t h e  s e l e c t e d  
subse t  with p r o b a b i l i t y  one 
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1 Table 2: Minimax Risk and c-Values for 0 = - 2 

(In each c e l l  t h e  risk is  followed by t h e  c-value) 

b = k  

k n = 5  n = 15 n = 25 n = 35 n = 45 

1 
2 

3 
4 
5 
6 
7 
8 
9 

1 

2 

3 
4 
5 
6 
7 
8 
9 

.73810; 1 
1.52380; 1 
2.52380; 1 
3.57444; 1 
4.58335 ; 2 

5.50002;2 
6.41669; 2 
7.33336; 2 
8.25003;2 

0 78570; 1 
1.83334; 2 
2.75001; 2 
3 .66668; 2 
4 5 8335 ; 2 

6.74997; 2 
7.88a44;2 

5 .66664; 2 

9.08283 ; 2 

76893 ; 2 
1.73646;3 
2.65885 ; 3 
3.74372; 4 
4.67965 ; 4 
5.61558; 4 
6.57663; 4 
7 64070; 4 
8.70477; 4 

b = 2k 

-80347; 3 

2 a 62900; 4 
1.74840; 4 

3 ~70368; 5 
4.62960; 5 
5 39264; 5 
6.66672; 5 
7 68320; 6 
8.64360; 6 

34 

.7640 I.; 3 
1 e 67184; 4 
2.65953;5 
3.68094; 5 
4.63780; 6 
5 -5795% 6 
6.65196; 6 
7.65256;7 
8.60913 ; 7 

.67324; 2 
1.52644;3 
2.40396; 4 
3.39736; 4 
4.28882; 5 
5.28882; 5 
6.28882~5 

8.20160; 6 
7 20160; 6 

' 78966; 3 
1.71118; 5 
2.69760; 6 
3 .60480; 6 
4.66315; 7 
5.59578;7 
6.60633; 7 
7.65624; 8 
8.61327;8 

I, 
8 
I' 
1 
8 
1 
1 
1 
8 
1 
8 
8 
1 
8 
1 
8 
1 
1 
D 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

b = 3k 

k n = 5  n = 15 n = 25 n = 35 n = 45 

1 

2 

3 
4 
5. 
6 
7 
8 
9 

1 

2 

3 
4 
5 
6 
7 
8 
9 

91667; 2 
1.83334; 2 
2.75001;2 
3 -83330; 2 
4 *99996; 2 
6.33282; 2 
7 70276; 2 
9 16030; 2 
io 67226,2 

073810; i 
1 83334; 2 
2 75001; 2 
4.22176; 2 
6.59058;2 
9 98484; 2 
14.46795; 2 
19 92744; 2 
26 -39700; 2 

86823; 3 
1 79062; 3 
2 80779; 4 
3 0 74372; 4 
4 76884 ,; 4 
5.84946; 5 
6 82437; 5 
7.79928; 5 
8.77419;5 

.71524; 1 
1.73646;3 
2 80779; 4 

4.87455;5 
5 84946; 5 
6.9503~;6 

3 89698; 4 

7 0 94320; 6 
8 93610; 6 

-80347; 3 
1 75480; 4 
2 0 77776; 5 
3 7408O; 5 
4.80200; 6 
5 -76240; 6 
6.72280;6 
7.71280; 6 
8 79200; 6 

2 
b = k  

.71454; 2 
1 74840; 4 
2 47776; 5 
3 84 160; 6 
4.87120; 6 
5 .88672; 7 
6 86784; 7 
7 0 93 736 ; 8 
8 ” 92953; 8 

35 

83204; 4 
1 0 773 02 ; 5 
2.78268; 6 
3 72440; 6 
4.78285;7 
5 73942; 7 
6.69599;7 
7.78174;7 
8 78148; 8 

68381; 2 

2 78268; 6 

4 87860; 8 
5.85432;8 
6 41215; 9 
7 Q 89960; 9 
8 92870; 9 

1 67184; 4 

3 82628; 7 

-80132; 4 
1.79840; 6 
2 * 79789; 7 
3 -7305% 7 
4.78515;8 
5.74218;8 
6.69921; 8 
7 e 77346; 8 
8.76546; 9 

.67324; 2 
1.71118; 5 
2 0 79789; 7 
3.82812;8 
4.86970; 9 
5 .84364; 9 
6.89528; 10 
7.88032; 10 
8.92719; 11 



1 Table 3: Bahadur Ef f i c i ency  of  

R (w i th  Fo normal d f )  when Q = 1/2. 

S with r e spec t  t o  R and of M with respect  t o  

6* 

,050 

. loo 

,150 

.200 

.250 

.300 

* 350 

,400 

.k50 

.500 

I(- 1 - &*,- 1 - - 6*)  

+ I ( 2 F - Z  1 

2 2 2  
1 1 6" 

~~ 

- 022707 
.01012 

.023 12 

.Ob20 1 

.06764 

a 1013 

1453 

-2035 

.2847 
3 4 - log(-): -4315 
2 3 

-047665 

.034442 

.026085 

-01931 

..0475 6 

,1002 

1911 

,3428 

a 6048 

210g( 2)41.386~ 

O3 15 79 

. 0225 61 
-01319 

.Oh2 17 

.lo25 

,2061 

.35 96 

.5661 

.84 16 

m 

Bahadur E 

S with r e s -  
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I ,05833 

-2531 
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1.0040 

1.5 150 

I 2.0350 

2.4750 

2.7820 
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W I 

# See (6.13) and (6.24); here  Fo i s  assumed t o  be  t h e  normal d f .  
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